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ABSTRACT 
Dual Frequency Ku and Ka radar measurements from the Global Precipitation 
Measurement (GPM) satellite have the potential for novel retrievals of snowfall 
precipitation from space. These retrievals are dependent on assumptions that relate the 
maximum measured dimension of a snowflake to its mass and radar cross-section, as well 
as assumptions to constrain the shapes of snowflake particle size distributions. Previous 
algorithms that have been proposed for dual frequency retrievals assume that snowflakes 
have a constant density, scatter as homogeneous particles, and have an exponential size 
distribution. These assumptions disagree with the results of observations and simulations 
of snowflakes, but the impact that more realistic microphysical assumptions can have on 
the accuracy of simulations and retrievals of snowfall properties has not yet been 
determined. In this project, collocated and simultaneous measurements of ice water 
content, reflectivity, and particle size distributions (PSDs) are used to evaluate the effects 
of improved microphysical parameterizations on simulations and retrievals of 
microphysical properties from particle size distributions and radar measurements, 
respectively. It is seen that only mass-diameter relationships with varying densities are 
able to recreate measured reflectivity and ice water content, and that a spheroidal 
scattering model provides more consistent results at both Ku and Ka wavelengths. 
Spheroidal scattering models with varying density also retrieved PSDs that were closest 
to those measured. 
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CHAPTER 1 
INTRODUCTION 
 
 There is an ongoing effort to measure global precipitation data through satellite 
radar measurements. Prior to 2012, the only two active satellite radars were the Tropical 
Rainfall Measurement Mission (TRMM), a Ku-band radar that was primarily designed to 
measure rain in the tropics (Simpson et al. 1988), and CloudSat, a W-band radar 
primarily designed to measure cloud and light precipitation, but capable of measuring 
snowfall as well  (Kulie and Bennartz 2009). There is now a third satellite, the Global 
Precipitation Measurement (GPM) Core satellite, which is a precipitation measurement 
mission following on the success of TRMM. It is the first dedicated precipitation satellite 
that orbits in latitudes that experience snowfall, and is the first satellite to that is capable 
of retrieving snowfall with a dual frequency retrieval (DFR) method through its dual 
frequency precipitation radar (DPR)  (Hou et al. 2014). 
  The potential benefits of DFR snowfall precipitation measurements have been 
known for almost two decades, but there has been little work in on the subject since 
Matrosov (1998, hereafter M98) developed the first DFR method based off ground based 
X and Ka band radar measurements. Only one other study  (Liao et al. 2005, hereafter 
L05) directly evaluated retrievals of snowfall PSDs from the kind of dual frequency radar 
measurements that can be taken by the GPM core satellite. More recent studies that have 
combined dual frequency radar with polarized radar (Tyynela and Chandrasekar 2013), 
Doppler radar  (Matrosov 2011), or a third frequency  (Kneifel et al. 2011; Kulie et al. 
2014) all require features beyond GPM core capabilities.  
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The results of M98 and L05 arguably do not provide a proper evaluation of DFR 
snowfall retrievals for GPM purposes. M98 evaluated a DFR precipitation retrieval 
method that involves continuous measurements from a stationary ground based radar, a 
different environment than a GPM-like set of nadir pointing radars that will likely only 
pass over a region once per day. L05 used nadir pointing radar at similar wavelengths to 
GPM, but only took measurements of a single convective cloud pass. Convective and 
stratified clouds have different microphysical processes, and the parameterizations that 
are successful in convective clouds might not be appropriate for PSDs of snowflakes in 
synoptic winter storms. Both of these studies used radar data collected at X and Ka 
wavelengths, and while arguments can be made that the physics behind a Ku and Ka 
retrieval would be similar to an X and Ka retrieval (M98), an evaluation of actual GPM 
wavelength radar measurements would serve as a better evaluation of GPM retrieval 
methods.  
Additionally, several assumptions used in M98 and L05 disagree with the 
contemporary understanding of snow microphysical properties, and these should be 
updated to represent the current state of knowledge. Both algorithms describe snowfall as 
having constant density, though snowflake mass distributions derived from direct 
(Locatelli and Hobbs 1974), indirect (Szyrmer and Zawadzki 2010), and simulated 
(Mitchell et.al 1990) measurements of snow mass, as well as comparisons of particle size 
distributions (PSDs) to integrated measures of Ice Water Content (IWC) (Heymsfield et 
al. 2010) all established an inverse relationship between density and diameter. The 
algorithms also estimate snowflake backscatter cross sections based on spherical Mie 
scattering assumptions, despite studies proving that Mie Theory is unable to account for 
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real snowflake scattering behavior at Ka wavelengths  (Petty and Huang 2010; Tyynelä et 
al. 2011; Hogan et al. 2012; Matrosov 2007). 
The retrieval algorithms also operate under the assumption that snowfall PSDs 
will follow an exponential function. This assumption has mixed support; whereas some 
studies find a majority of PSDs follow a purely exponential trend  (Woods et al. 2008), 
others show that the slope of the smaller particles in snowfall SDs decline faster than an 
exponential assumption allows  (Heymsfield et al. 2002). A gamma size distribution,  
             (1.1) 
with N0, µ, and Λ representing the intercept, shape, and slope parameters, respectively, 
and D representing the maximum measured dimension of an ice particle (hereafter 
referred to as diameter), that can account for both exponential (µ=0) and non-exponential 
behavior is a more general form that is currently used to describe precipitation PSDs 
(McFarquhar et.al 2015). 
 With GPM measurements currently being archived for general use, there is an 
urgent need to quantify any inaccuracies or biases that may be present in snowfall data. In 
this thesis, the implications of possible snowflake mass and scattering assumptions are 
evaluated against measured data to justify their use in a GPM algorithm. Section 2 
discusses the field experiment that provides in situ and radar data of snowfall and 
describes the algorithm used to link the two together. In section 3 the theory behind DFR 
retrievals of snowfall is explained. In Section 4 different mass-diameter relationships are 
discussed and used to estimate ice water content. These relationships are then evaluated 
against in situ measurements. In section 5, scattering models that assume different shapes 
and mass-diameter relationships are incorporated into simulations of reflectivity, and 
n(D) = N0Dµe−ΛD
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these are evaluated against measured reflectivity as well. In Section 6, the µ prescription 
that best minimizes errors between retrieved and measured size distributions for different 
scattering models is evaluated against the µ which best characterizes the average shape of 
measured size distributions. Results are discussed and summarized in the section 7. 
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CHAPTER 2 
DATA 
 
This study uses data from the jointly sponsored NASA-Environment Canada 
GPM Cold season Precipitation Experiment (GCPEx) conducted between January and 
February of 2012 near Barrie Ontario, Canada (Hudak et al. 2012). In this experiment, the 
University of North Dakota (UND) Citation aircraft, carrying an array of cloud and 
precipitation measurement probes, flew spirals and stacked legs through snowstorms 
between 1 and 5 km MSL altitude. The NASA DC-8 aircraft carried nadir-pointing radars 
and flew “dog bone” patterns at a relatively constant altitude of 10 km over the same site. 
Simultaneous measurements come from intersection periods where the DC-8 and Citation 
were sampling the same region of precipitation. Idealized flight tracks of the Citation and 
DC-8 flown during typical intensive observing periods (IOPs) are presented in Figure 2.1. 
Ice particles were imaged by a suite of probes installed on the Citation. These 
probes included the Cloud Imagine Probe (CIP), which can nominally resolve particles 
between 25 µm and 1.55 mm, the 2 Dimensional Cloud Imaging Probe (2DC), which can 
nominally resolve particles between 55 µm and 1.6 mm, and the High Volume Particle 
Spectrometer-3 (HVPS-3), which can nominally resolve particles from 150 µm to 2 cm 
(larger with particle reconstruction, Heymsfield and Parrish 1979). Images of small 
particles from the CIP showed a range of ice particles from pristine dendrites to particles 
that were rimed to the point of being unclassifiable. The shapes of larger aggregates 
depend on the nature of these smaller particles, sometimes formed from interconnected 
dendrites and other times branching into indefinable and irregular shapes. Examples of 
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these particles imaged by the CIP and HVPS probes are shown in Figure 2.2. The 
Citation also carried a King probe that provided measurements of Liquid Water Content 
(LWC) and a Nevzerov probe that provided measurements of Total Water Content 
(TWC). 
 Particle diameters were derived from images using processing codes from the 
National Center for Atmospheric Research (NCAR) that include algorithms for 
eliminating shattered artifacts, correcting out of focus particles, and size dependent depth 
of field corrections. Particles imaged at the end of the photodiode arrays were 
reconstructed following Heymsfield and Parrish (1979). Particles were then sorted by 
diameter into bins with gradually increasing widths, from 75 µm to beyond 2 cm, with 
CIP and 2DC counting particles below 1 mm and the HVPS counting particles above 1 
mm, and integrated over 1 second periods to form PSDs. These distributions were 
subsequently averaged over 5 second increments into sample volumes roughly 750 
meters long in order to have statistically significant samples to capture the concentrations 
of the larger particles (McFarquhar et.al 2007).   
The NASA DC-8 carried the Advanced Precipitation Radar 2 (APR-2), a nadir 
pointing Ku/Ka (13.4/35.6 GHz) radar designed to mimic the measurements that would 
be taken by the GPM satellite. The Ku and Ka radars of the APR-2 have 3.8° and 4.8° 
degree beam widths, respectively, range gates of 30 meters, and a swath of +25°  (Tanelli 
et al. 2006). The DC-8 flew at approximately 200 ms-1 and completed APR-2 scans once 
every 2 seconds. This scanning period ensured at least 2 radar intersections during every 
coincident PSD collection period. The closest 10 points of reflectivity within 250 meters 
of an in situ measurement were averaged into a single value of matched reflectivity, a 
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threshold previously considered adequate to resolve stratiform storms in similar 
experiments  (Hudak et al. 2004; Plummer et al. 2010). 
Two measurements of a PSD are considered simultaneous if they are taken before 
a PSD can evolve appreciably, assumed in this paper to be within 3 minutes of each 
other. To account for advection between the in situ and radar measurements of a PSD, the 
horizontal wind vector as measured by the Citation aircraft is multiplied by the time 
difference between the in situ and radar measurements to locate the regions of snowfall in 
the radar image that were likely being sampled by the Citation. Vertical advection was 
not considered, as that would have required an additional compensation for natural 
particle growth and vertical air velocity. Instead, it is assumed that all snow falling 
through a spatial coordinate will have similar microphysical properties during the three-
minute simultaneous measurement threshold. Any points of reflectivity greater than 35 
dBZ were assumed to be reflections from the Citation itself, and were removed from the 
matched field. 
 The GPM core satellite can only detect a snowfall PSD if its Ku or Ka reflectivity 
is beyond the 17 and 12 dBZ respective thresholds of the DPR. The only GCPEx 
snowstorm with simultaneous in situ and radar measurements of snowfall with this range 
of Ku and Ka reflectivities occurred on 24 February between 11 and 14 UTC. This 
snowstorm was generated by a synoptic system that was being strengthened by a 
poleward jet exit region and differential positive vorticity advection. Strong convective 
features are seen in the vertically pointing X band (VERTIX) radar, shown in Figure 2.3.  
Temperatures near the surface were close to 0° C, with an inversion that created a pocket 
of above-freezing temperatures, as seen in the sounding of Figure 2.4. 
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 These conditions were ideal for the generation of large snow particles as 
described in Lawson (1998), but they also lead to mixed phase cloud environments. 
Regions where the measured LWC made up more than half of the measured TWC were 
removed to exclude regions clearly dominated by liquid water, as shown in Figure 2.5, 
but remaining periods with high total water content still seem to have strong 
contributions from liquid water. It is uncertain whether this is due to contributions from 
small liquid particles, an error in probe measurements, or both. 
The matching algorithm used in this study can be tested according to a prediction 
from L05 and Le and Chandresekar (2012). In simulations of dual wavelength 
reflectivity, the difference between decibel Ku and Ka reflectivity, also called the dual 
frequency ratio, should be directly related to the mass weighted mean diameter. In 
snowfall, this diameter will be close to the second moment weighted mean diameter 
(DM2) 
𝐷!! = ! ! !!!"!!"#!!"# ! ! !!!"!!"#!!"#       (2.1) 
In figure 2.6, the Citation measured DM2 is compared with the APR-2 matched dual 
frequency ratio, and the expected relationship is evident with a correlation r of 0.66. 
The data set used in this evaluation is an improvement over the data used in L05 
for several reasons. L05 provided a much broader threshold of simultaneous 
measurements, allowing a time difference up to 8 minutes and a spatial difference up to 5 
km. L05 used only one-minute of aircraft radar data and two three-minute segments of in 
situ aircraft data, whereas this study uses independent collocated measurements of radar 
and in situ collocations for a combined 30 minutes. L05 only provided a 2D-Precipitation 
probe with a similar range to the HVPS and did not include the size distributions of 
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smaller particles provided by the CIP and 2D-C. L05 took measurements of particles 
within a convective cloud whereas this study takes measurements of particles within the 
kind of synoptic system that is typically responsible for winter snowfall. 
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CHAPTER 2 FIGURES  
 
Figure 2.1: This cartoon represents the flight paths during a typical GCPEx simultaneous 
measurement. The UND Citation (idealized track in blue) flew concentric spirals through 
snow clouds and took direct measurements from probes attached to the aircraft. The 
NASA DC-8 (idealized track in red) flew several meters above the snow clouds and took 
measurements through a nadir pointing Ku/Ka radar.  
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Figure 2.2: Select images of ice crystals and aggregate snowflakes observed during 
flights of the UND Citation on 24 February 2012 on the CIP (left) and HVPS (right) 
probe. Particle images are provided by Aaron Bansemer and Andrew Heymsfield at 
NCAR. 
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Figure 2.3. VERTIX radar image of the 24 February snow event during the two hour time 
period used in this study. 
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Figure 2.4 Vertical sounding taken the morning of the February 24th I.O.P. 
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Figure 2.5 Nevzerov TWC measurements compared against King probe LWC 
measurements with a red dashed 1:2 line separating pure liquid from mixed phase / dry 
regions. 
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Figure 2.6: Ku/Ka Dual Frequency Ratio measurements as measured by the APR-2 
compared with DM2 as measured by the imaging probes aboard the Citation from the 
complete collocated data set used in this study. 
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CHAPTER 3 
THEORY 
 
Equivalent reflectivity factor (𝑍!), Ice Water Content (IWC), and Precipitation 
Rate (R) within a volume of snowfall can all be calculated by integrating PSDs with 
related snowfall microphysical properties: 
      𝑍! = !!!!! 𝑛 𝐷!!"#!!"# 𝜎 𝐷, 𝜆 𝑑𝐷      (3.1) 
    𝐼𝑊𝐶 = 𝑛 𝐷 𝑚(𝐷)!!"#!!"# 𝑑𝐷        (3.2) 
  𝑅 = 𝑛(𝐷)𝑚 𝐷 𝑣(𝐷)𝑑𝐷!!"#!!"#                                          (3.3) 
where Kw represents the Clausius-Mossoti expression for the dielectric constant of water, 
λ represents the wavelength of scattering radiation, and 𝑛 𝐷 ,  𝜎 𝐷, 𝜆 ,𝑚(𝐷), and 𝑣(𝐷) 
represent the number distribution function, back scatter cross section (hereafter simply 
referred to as cross sections) at some λ, mass, and fall velocity of a particle of diameter 𝐷, respectively. 𝐷!"# and 𝐷!"# represent the minimum and maximum particle diameters 
in a size distribution. Parameters m(D) and v(D) are typically represented in simply 
power law forms 𝑚 = 𝑎𝐷! , 𝑣 = 𝛼𝐷! .  
  Functions that generate cross sections from particle diameters (referred to as 
scattering models) vary in complexity depending on the size parameter x (𝑥 = 𝜋𝐷 𝜆) of 
the snowflake with respect to the incoming radiation. According to Mie theory, if x is less 
than 1, a particle will act as a Rayleigh scatterer and generate a cross section proportional 
to the 6th power of the particle’s melted equivalent diameter (Smith 1984). If x exceeds 1, 
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the cross section diminishes with respect to its diameter and becomes sensitive to 
differences in particle shape. Values of x for snow particles at GPM wavelengths are 
presented in Figure 3.1. For any size distribution where snowflakes greater than a few 
mm are determining reflectivity, Ka reflectivities will be less than Ku reflectivity. In this 
way, Ku and Ka radar measurements can return two unique reflectivities for the same 
size distribution as long as the snowflakes are sufficiently large. 
If size distributions are represented as gamma functions with a prescribed µ and a 
scattering model can simulate σ	  at a given D, reflectivity becomes a function of Λ and N0 
and a unique size distribution can be retrieved from a Ku and Ka radar measurement. In 
this study, this retrieval is accomplished through a lookup table that generates Ku and Ka 
reflectivities from a set of gamma PSDs. These PSDs are constructed from relationships 
from Ulbricht (1984) which relate statistical properties of a PSD to distribution 
parameters as follows: Λ = !!!!!!       (3.4) 𝑁! = !!!!!!!"!!           (3.5) 
Here M2 represents the second moment of the PSD 𝑀! = 𝑛 𝐷 𝐷!𝑑𝐷!!"#!!"#   .           (3.6) 𝐷!!is bounded by diameters of 1 mm and 1cm and M2 is bounded by inverse diameters 
of 10µm-1 to 30mm-1, corresponding to the range of values seen in the GCPEx size 
distributions used in this study. µ is allowed to vary between -3 and 3, as these 
parameterizations contain the ideal µ fits for each measurement (section 6). 
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Reflectivities are then generated for each of these possible PSDs with the application of 
scattering models that are discussed in section 5. With a retrieval table connecting a set of 
gamma parameters to Ku and Ka reflectivities, a gamma PSD can thus be retrieved from 
any APR-2 measurement. Following the retrieval of a size distribution, IWC and R can 
be constructed through equations (3.2) and (3.3).  
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CHAPTER 3 FIGURES  
 
Figure 3.1 Size parameters of a snowflake as a function of snowflake diameter for the 
range of diameters measured by the microphysics probes installed on the UND Citation at 
Ku and Ka wavelengths.  
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CHAPTER 4 
SENSITIVITY OF SIMULATED ICE WATER CONTENT TO MASS-
DIAMETER RELATIONSHIPS 
 
Scattering models rely on mass-diameter relationships to estimate dielectric 
constants for snow particles. Appropriate m-D relationships can be chosen by comparing 
their simulated IWC values against those measured on the Citation, but the Nevzorov 
probe used to measure TWC on the Citation may have significantly underestimated the 
true TWC of the cloud environment. In 2006/2007, the NASA-Environment Canada 
sponsored Canadian CloudSAT/CALIPSO Validation Programme (C3VP) was 
conducted to examine snowfall in the same location and seasonal time frame as GCPEx 
over nine days. The National Research Council of Canada Convair-580 used during this 
experiment carried two TWC measurement probes, the Nevzerov probe, which was used 
in GCPEx, and a Cloud Spectrometer and Impactor (CSI). When the TWC measurements 
from these two probes are compared in the upper left plot of figure 4.1, there is a clear 
discrepancy. By intentionally biasing the Nevzerov probe up to 300%, TWC values 
agreed somewhat about a 1:1 line, though they still had uncertainties over half the order 
of the total CSI measured range of TWC. It is not certain which, if any, of the two 
measurements represent the true cloud mass (Korolev 2014). 
With this caveat in mind, the Nevzerov probe is used to create a range of 
estimated cloud TWC values at measurements of M2 in figure 4.2. M2 is chosen because 
it is similar to the IWC as computed in equation 3.2  (Schmitt and Heymsfield 2010), and 
is therefore the best independent variable available for comparing different estimates of 
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cloud IWC. Red and blue TWC measurements represent the pure Nevzerov and the triply 
biased Nevzerov measurements, respectively. Mean values of likely maximum and 
minimum TWC are generated every 0.0025 m-1 of M2, with a black error bar representing 
the full range of possible TWC measurements represented at each M2 value.  
L05 and M98 both used constant density snowfall parameterizations in their 
retrieval algorithms; L05 used a constant density of 0.1g m-3 and M07 recommends a 
minimum density of 0.03g m-3. It can be assumed that densities between these two 
variables could also be considered as constant densities for snow as well, so M07 and 
L05 are considered minimum and maximum possibilities of constant density for snowfall 
m-D relationships. The m-D relationships that result from these constant density 
assumptions are listed in table 4.2. The IWC values generated from these m-D 
relationships are presented in figure 4.3, with mean lines and ranges presented as in 
figure 4.2. From Figure 4.3 it is clear that the L05 m-D relationship can not represent 
measured snowfall, as it quickly leads to ice cloud densities greater than 20 times the 
Nevzerov measured TWC, well beyond the expected possible errors of this probe. This 
0.1 gm-3 m-D relationship for snow has been suggested as a model for the UK Met office 
microphysical scheme  (Wilson and Ballard 1999), and the GPM core satellite retrieval 
algorithm (Iguchi et al. 2010; Seto et al. 2013). If the L05 relationship is producing 
impossibly dense snow clouds from GCPEx size distributions, it could likely bias the 
results of these algorithms as well. 
There are many variable density m-D relationships that can be applied to ice 
clouds. The most appropriate m-D relationships specifically for the snowflakes that were 
seen in this dataset come from Szyrmer and Zawadzki (2010), who analyzed snowfall 
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data over 9 IOPs from the previously discussed C3VP experiment. The m-D relationships 
that result in the minimum and maximum simulated IWC, hereafter referred to as SZ10 
low and SZ10 high, are considered minimum and maximum possibilities for variable 
density snowfall relationships. These relationships are also included in table 4.1. The 
range of possible IWC simulations bounded by these relationships is presented in figure 
4.3.  
In figure 4.5, the ranges of constant and variable density simulated IWC values 
are compared with the range of possible measured values. This figure is cropped at 3 gm-3 
for better resolution within the range of possible IWC values. The true range of the 
constant density relationship is the same as in figure 4.3. Assuming the Nevzerov is 
naturally biased low to some degree, the variable density m-D relationships simulate a 
range of IWC that could represent the cloud environment. The minimum considered 
constant density parameterization eventually exceeds the maximum Nevzerov measured 
TWC estimated from results of prior studies, which indicates that a constant density m-D 
relationship as presented in M98 is not capable of recreating realistic IWC environments.  
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CHAPTER 4 FIGURES AND TABLES 
 
Figure 4.1 Comparisons of CSI and Nevzerov (NEV) measurements of TWC about a red 
dashed 1:1 line for all PSDs during the C3VP experiment. Regions with LWC > 0.5 
TWC are removed to eliminate regions of pure liquid water. 
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Figure 4.2 TWC as measured by the Nevzerov probe is plotted against measured M2. Red 
points indicate pure Nevzerov output and Blue points indicate Nevzerov TWC multiplied 
by 3. Black bars provide errors bars of between maximum and minimum possible 
measured TWC at M2 values, the dotted lines connect mean values of TWC at the same 
M2 values. 
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Figure 4.3 As in figure 4.1, except Red points now indicate M98 simulated IWC and Blue 
points indicate L05 simulated IWC. 
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Figure 4.4 As in figure 4.1, except Red points now indicate SZ10 low simulated IWC and 
Blue points indicate SZ10 high simulated IWC. 
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Figure 4.5. Ranges of simulated IWC from variable density and constant density m-D 
relationships in table 4.1 about values of M2 are compared against the ranges of possible 
measured TWC values from figure 4.1, represented in black.  
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Table 4.1 m-D relationships applied to snow particles in this study 
Source Designation Relationship 
∆Szyrmer and Zawadzki (2010) SZ10 low 
SZ10 high 
𝑚 =   0.0032𝐷!.!" 𝑚 =   0.005𝐷!.!" 
Matrosov (1997) M98 𝑚 =   0.014𝐷! 
Liao et.al (2005) L05 𝑚 =   0.048𝐷! 
∆ There are 9 m-D relationships derived in this study. The two chosen are the ones that result in minimum 
and maximum predictions of reflectivity. 
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CHAPTER 5 
SENSITIVITY OF SIMULATED REFLECTIVITY TO MASS-DIAMETER 
RELATIONSHIPS 
 
Without a reliable measurement of cloud mass, the comparison from figure 4.4 
has too many uncertainties to be useful as an evaluation of any specific m-D relationships 
in snowfall. Matched reflectivity can also be used to evaluate m-D relationships 
(McFarquhar et al. 2007; Fontaine et al. 2014), provided that the scattering models are an 
adequate simulation of snow particle cross sections. In the following sections, PSDs 
collected from the Citation are used to generate reflectivity through different scattering 
models with the goal of finding a shape and mass parameterization that can adequately 
recreate APR-2 Ku and Ka measurements.  
Reflectivity is initially simulated through the Mie “soft sphere” method, which 
relies on the assumption that the average scattered cross section of a snow or ice particle, 
averaged over a full set of possible rotations, will be similar to the cross section of a 
spherical homogeneous scatterer with the same diameter (Matrosov 1997). Using this 
assumption, the cross section of a snowflake can be calculated through traditional Mie 
Theory as a sphere with a new dielectric constant generated from the density of the ice 
mass in its spherical volume (Bohren and Huffman 1985). This method naturally reduces 
to Rayleigh reflectivity at small size parameters and is sufficient for simulations of low 
Ku reflectivity, but it underestimates cross sections of snowflakes with larger size 
parameters (Petty and Huang 2010; Hogan et al. 2012). Mie theory calculations are 
computed through MieMatzler software for Matlab (Matzler 2002). 
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In Figure 5.1, m-D relationships listed in table 4.1 are incorporated into the 
scattering model to simulate minimum and maximum simulated reflectivities for 
spherical particles under constant and variable densities. As before, the L05 assumption 
consistently leads to unphysical values, predicting reflectivities that double the 
measurements of the APR-2 and should only be expected in a heavy rain shower.  The 
inconsistency between the biases of the two radar wavelengths indicates that the Mie 
sphere model is not successfully recreating reflectivity of particles with high size 
parameters, and this effect is impacting Ka reflectivity to a greater degree as predicted in 
figure 3.1. 
Non-Rayleigh scattering is sensitive to particle shape, and a better representation 
of low size parameter reflectivities can result from non-spherical snowflake scattering 
models (Leinonen et.al 2011). There are several databases of precise cross sections based 
off natural ice crystal shapes, but none are available for snowflake sizes that match the 
GCPEx size distribution. A simpler improvement of scattering models can result from an 
adjustment of axial ratio. Real snowflakes aggregate as oblate spheroids, not spheres 
(Hogan 2012; Westbrook et al. 2004), and cross-sections of spheroids can be simulated as 
fast as Mie spheres using a T-matrix method  (Mishchenko and Travis 1994) with the 
Pytmatrix python module  (Leinonen 2014). 
In Figure 5.2, simulated Ku and Ka reflectivities are presented at four different 
axial ratios (AR) under the SZ10 low m-D relationship. The differences between these 
models are smaller than in figure 5.1, so these simulated reflectivities are also presented 
as mean values within +0.5 dBZ of integer matched reflectivity in figure 5.3. SZ10 low is 
chosen because it represents the lowest plausible m-D parameterization considered in this 
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study. Other m-D relationships from table 4.1 overestimate measured reflectivity to 
greater degrees, and do not display any unexpected information.  
 Ka reflectivity is shown to increase with decreasing 𝐴𝑅, approaching and 
eventually exceeding the measured Ka reflectivity and exhibiting a similar bias to Ku 
reflectivity at AR = 0.5. While it is promising to find any scattering model provides 
similar results at both Ku and Ka wavelengths, it is undesirable that the reflectivities from 
the SZ10 low m-D parameterization are consistently several decibels higher than 
measured reflectivity in the best correlated regions of matched reflectivity.  
It is possible that the m-D relationship that best represents this snow cloud is less 
dense than any of the SZ10 relationships. It is also possible that there is an inherent flaw 
applying a single m-D relationship to every particle in a PSD. A real field of snowfall 
will be comprised of a mixture of aggregates and monomer ice crystals, and assigning 
small ice crystals m-D relationships intended for larger aggregates could lead to an 
overestimated contribution of many particles to cloud mass and reflectivity. The King 
probe also commonly reported at least 10-20% of the cloud mass as liquid water, and any 
mixed phase PSD should theoretically have different m-D relationships assigned to liquid 
and solid hydrometeors. Regardless, there does not appear to be a published 
microphysical parameterization or homogeneous scattering model for falling snow that 
can recreate Ku and Ka reflectivities in this data set. 
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CHAPTER 5 FIGURES 
 
Figure 5.1 Simulated Ku and Ka reflectivity of PSDs compared with collocated APR-2 
radar measurements. Reflectivity is simulated using L05, M98, SZ10 low and SZ10 high 
m-D relationships. 
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Figure 5.2 As in Figure 5.1, except data points correspond to simulated reflectivity 
computed from spheroids models with AR =0.5, AR = 0.6, AR = 0.7, and AR = 1.  
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Figure 5.3 as in 5.2, plotted to show mean values of reflectivity within +0.5 dBZ of 
matched APR-2 reflectivity. Reflectivity is calculated from spheroid models with AR = 
0.5, AR = 0.7, AR = 0.6, and AR = 1. 
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CHAPTER 6 
EVALUATION OF RETRIEVED PARTICLE SIZE DISTRIBUTIONS 
 
The gamma parameter µ describes the shape of PSDs at low diameters in a size 
distribution. Values of 0 are an implicit parameterization in exponential fits of snowfall 
PSDs, negative values of µ are used to describe PSDs where the concentration of smaller 
particles increases faster than a purely exponential relationship (super-exponential), and 
positive values of µ describe the opposite tendency (sub-exponential). It is assumed in the 
L05 and M98 algorithms that all snowfall PSDs follow an exponential PSD, but many of 
the snowfall PSDs measured during GCPEx appeared to be super-exponential. Samples 
of GCPEx PSDs that display different shape tendencies are shown in Figure 6.1.  
 In order to determine the µ that best describes the snowfall sampled during this 
study, a range of gamma fits is generated for each PSD measurement from a range of µ 
values using the method described in section 3. The resulting family of PSDs is evaluated 
against measured PSDs through a 𝜒!  error  
𝜒! = 𝑀!"#$(!) −𝑀!"#(!)𝑀!"#$(!)𝑀!"#(!) !!!!!  
with 𝑀!"#$(!) and 𝑀!"#(!) respectively representing the measured and simulated 
moments of the size distribution 
𝑀! = 𝑛 𝐷 𝐷!𝑑𝐷!!"#!!"#  
The 1nd and 5th moments are chosen as boundaries to contain the portions of the size 
distribution roughly responsible for precipitation rate (M2) and reflectivity (M4). The 
mean 𝜒! for the whole data set is determined for each µ value, and the µ that minimizes 
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𝜒! is considered the best parameter for PSDs in this data set. This experiment leads to an 
optimal µ of -1, as shown in figure 6.2 
 The retrieval method described in section 3 also generates a family of gamma 
solutions for a PSD based off of radar measurements, but the relationship between 
gamma variables and measured reflectivity will vary with different scattering models. In 
figure 6.3, gamma PSDs generated from retrieval algorithms using scattering models 
from figures 5.1 and 5.2 are evaluated against gamma PSD fits by comparing mean 𝜒! 
errors at each µ prescription. As expected, the spherical scattering models lead to the 
least effective retrievals, especially the L05 density sphere, with a maximum 𝜒! over 
three orders of magnitude above the error of the best gamma fit.  
The spheroid scattering models at SZ10 low all had similar 𝜒!, but only the axial 
ratio of 0.6 corresponded with a minimum 𝜒! at the µ of -1 suggested as most appropriate 
from the in-situ analysis. The impact of this µ is shown in figure 6.4 by comparing the 
mean of all PSDs sampled by the Citation in this study against the mean of all gamma fits 
at µ = -1 and the mean of all retrieved PSDs assuming a 0.6 axial ratio SZ10 low scatterer 
with µ values of -1, 0, and 3. µ = -1 and 0 are chosen as candidates prescriptions for 
retrieved PSDs, µ = 3 is shown for comparison, as it is commonly used to describe liquid 
rain PSDs in GPM retrieval algorithms  (Seto et al. 2013; Le and Chandrasekar 2014). In 
all retrieved PSDs, the APR-2 retrieved PSD tends to underestimate the concentrations of 
snowflakes greater than 5mm, but there is a clear curvature for ice crystals less than 2mm 
that is only captured by the negative µ fit. The µ = 3 retrievals are clearly not describing 
the witnessed behavior of snow cloud PSDs, highlighting the need for separate algorithm 
prescriptions between snow and rain precipitation.  
 
 
37 
CHAPTER 6 FIGURES 
 
Figure 6.1. A sample set of GCPEx PSDs used in this study 
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Figure 6.2 Mean 𝜒! errors between measured PSDs and gamma fits that result from µ 
parameterizations between -3 and 3.  
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Figure 6.3 As in Figure 6.2, only the 𝜒! are also evaluated from PSDs generated by APR-
2 reflectivity through retrieval tables using different scattering models discussed in 
section 5. Spherical scattering models with L05 M98 SZ10 high and SZ10 low m-D 
relationships are shown in solid lines. Spheroidal scattering models with SZ10 low m-D 
relationships and AR= 0.5, AR=0.6, and AR=0.7 are shown in dashed lines.  
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Figure 6.4. Mean PSDs of all Citation measurements compared with the mean gamma fit 
PSD at µ = -1, and the mean APR-2 retrieved PSDs using a spheroid scattering model 
and the SZ10 low m-D relationship under prescriptions of µ = -1, µ = 0, and µ = 3. 
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CHAPTER 7 
CONCLUSION 
 
 In this study, scattering models based off different particle shapes (spherical, 
spheroidal) and mass assumptions (constant density, variable density) were evaluated for 
their ability to recreate measured reflectivity coincident with in situ measured PDSs. 
These scattering models were then used to generate reflectivities from a table of Gamma 
PSDs, creating a set of retrieval tables that could return a PSD for any given Ku/Ka radar 
measurement and µ prescription. These retrievals were then evaluated to determine which 
microphysical parameterizations resulted in retrievals most consistent with the measured 
PSDs. 
 Ultimately, no scattering model presented was able to recreate both Ku and Ka 
reflectivities with similar degrees of accuracy. The spheroidal scattering model with axial 
ratios of 0.5 and 0.6 approached a similar bias between Ku and Ka reflectivities, but this 
model resulted in a minimum possible reflectivity that was consistently above APR-2 
measurements. While there is a possibility that the spheroid scattering model is not 
adequately capturing the non-Rayleigh scattering of snowflakes at Ka reflectivities, this 
should result in an underestimated reflectivity, and an improved scattering model would 
only exacerbate the issue further.  
It is more likely that the mass of the snowflakes were parameterized incorrectly. 
As seen in figure 6.3, differences between possible m-D relationships could have a 
substantial impact on retrieval 𝜒!, but the results of this experiment rely on a poorly 
substantiated claim that an m-D relationship of SZ10 low and a single axial ratio 
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parameterization adequately represents every snowflake in this IOP. In reality, different 
m-D relationships would be expected for aggregates with different degrees of riming, 
monomer ice crystals, and possible liquid droplets. A microphysical scheme that properly 
accounts for the proportion of these particle habits at any given PSD would be impossibly 
complex, but an m-D relationship that varies with environmental factors, particle size, or 
satellite retrievable parameters could provide more reliable results. Several recent studies 
have moved in this direction  (Matrosov 2007;  Heymsfield and Schmitt 2013; Erfani and 
Mitchell 2015).  
 Snowfall PSDs measured during the indicated time period during GCPEx were 
best described by gamma distributions with µ set to -1. It is uncertain whether the 
increased accuracy of small particle concentrations will actually impact integrated 
precipitation rate, as the Citation does not carry any precipitation measurement devices 
and therefore could not evaluate a final precipitation retrieval. There were several 
disdrometers at ground sites that could be used to evaluate precipitation retrievals during 
APR-2 overpasses, but this would require a different reflectivity-PSD matching process 
that could take advantage of a much broader set of GCPEx data. Such an evaluation 
would arguably fulfill a primary goal of GCPEx as an evaluation of GPM precipitation 
measurements in snowfall, and it should be considered as the subject for a future study.  
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